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1 I ntr oduction and main r esults: the case of sym-

metr ic ker nels

L e t X,X1,X2, ... b e a s e qu e n c e o f n o n -d e g e n e r a t e i.i.d . r a n d o m va r ia b le s wit h d is t r ib u t io n

fu n c t io n F . S u p p o s e we a r e in t e r e s t e d in t e s t in g t h e n u ll h yp o t h e s is :

H0 : Xi, 1 ≤ i ≤ n, have the same distribution,

a g a in s t t h e o n e c h a n g e a lt e r n a t ive :

HA : there is an integer k, 1 ≤ k < n, such that

P ( X1 ≤ t) = · · · = P ( Xk ≤ t) , P ( Xk+1 ≤ t) = · · · = P ( Xn ≤ t)

for all t and P ( Xk ≤ t0 ) �= P ( Xk+1 ≤ t0 ) for some t0.

Te s t in g fo r t h is kin d o f a c h a n g e in d is t r ib u t io n h a s b e e n s t u d ie d c o n s id e r a b ly in

t h e lit e r a t u r e b y u s in g p a r a m e t r ic a s we ll a s n o n -p a r a m e t r ic m e t h o d s . On e o f t h e n o n -

p a r a m e t r ic m e t h o d s wa s p r o p o s e d b y Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 8 8 a , b ) , wh o u s e d fu n c t io n -

a ls o f a U− s t a t is t ic s t yp e ( U -t yp e , fr o m n o w o n ) p r o c e s s t o t e s t H0 a g a in s t HA. L e t

h( x, y ) b e a m e a s u r a b le r e a l va lu e d s ym m e t r ic fu n c t io n . Th e U−t yp e p r o c e s s o f Cs ¨o r g ˝o

a n d H o r v́a t h ( 1 9 8 8 a , b ) is d e fi n e d b y

Un ( t) = Z[(n+1)t] − n
2t ( 1 − t) θ, 0 ≤ t ≤ 1 ,

wh e r e θ = Eh( X1,X2 ) , a n d

Zk =
k
∑

i=1

n
∑

j=k+1

h( Xi, Xj ) , 1 ≤ k ≤ n.

W h ile Zk it s e lf is n o t a U-s t a t is t ic , it c a n b e wr it t e n a s t h e s u m s o f t h r e e U− s t a t is t ic s

[c f. Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 8 8 a , b , 1 9 9 7 ) ]. Typ ic a l c h o ic e s o f s ym m e t r ic ke r n e l h a r e

xy, ( x − y ) 2/ 2 ( t h e s a m p le va r ia n c e ) , |x − y| ( Gin i’s m e a n d iffe r e n c e ) , a n d sign( x + y )

( W ilc o xo n ’s o n e -s a m p le s t a t is t ic ) .

Th r o u g h o u t t h e p a p e r , we wr it e g ( t) = E ( h( X, t) − θ ) , σ2 = Eg2 ( X1 ) a n d , fo r la t e r

u s e , we d e fi n e a Ga u s s ia n p r o c e s s Γ b y

Γ ( t ) = ( 1 − t) W ( t) + t [W ( 1 ) −W ( t ) ] , 0 ≤ t ≤ 1 , ( 1 )
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wh e r e {W ( t ) , 0 ≤ t < ∞} is a s t a n d a r d W ie n e r p r o c e s s . Fu r t h e r m o r e , le t Q b e t h e

c la s s o f p o s it ive fu n c t io n s q o n ( 0 , 1 ) , i.e ., in fδ≤t≤1−δ q ( t) > 0 fo r 0 < δ < 1 , wh ic h a r e

n o n d e c r e a s in g in a n e ig h b o u r h o o d o f z e r o a n d n o n in c r e a s in g in a n e ig h b o u r h o o d o f o n e ,

a n d le t

I ( q, c) =
∫ 1−

0+

1

t( 1 − t)
e xp

(

−
cq2 ( t)

t( 1 − t )

)

dt, 0 < c <∞.

In t e r m s o f t h e s e n o t a t io n s , Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 8 8 a , b ) , S z ys z ko wic z ( 1 9 9 1 , 1 9 9 2 )

e s t a b lis h e d t h e fo llo win g r e s u lt [c f. Th e o r e m 2 .4 .2 in Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 9 7 ) ].

T heor em A. Assume H0, 0 < σ2 < ∞ and E|h( X1, X2 ) |2 < ∞. Then, on an

appropriate probability space for X,X1,X2, · · · , we can define a sequence of Gaussian

processes { Γ n ( t ) , 0 ≤ t ≤ 1 } such that

{ Γ n ( t) , 0 ≤ t ≤ 1 }
D
= { Γ ( t) , 0 ≤ t ≤ 1 }, ( 2 )

for each n ≥ 1 , and as n→ ∞,

s u p
0<t<1

∣

∣

∣n−3/2σ−1Un ( t) − Γ n ( t )
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 3 )

if and only if I ( q, c) <∞ for any c > 0 .

Th is t h e o r e m p r o vid e s a b a s ic t o o l fo r in ve s t ig a t in g t h e a s ym p t o t ic b e h a vio u r o f m a n y

t e s t s t a t is t ic s via c o r r e s p o n d in g fu n c t io n a ls o f Γ ( .) /q ( . ) fo r a p p r o p r ia t e c h o ic e s o f t h e

ke r n e l h ( x, y ) . Th is , in t u r n , m o t iva t e s t h e e s t a b lis h m e n t o f o u r fi r s t r e s u lt , in wh ic h

we r e d u c e t h e m o m e n t c o n d it io n s r e la t e d t o t h e ke r n e l h( x, y ) . Ou r fi r s t r e s u lt r e a d s a s

fo llo ws .

T heor em 1 Assume H0, 0 < σ2 < ∞ and E|h( X1, X2 ) |4/3 < ∞. Then, on an appro-

priate probability space for X,X1, X2, · · · , we can define a sequence of Gaussian processes

{ Γ n ( t) , 0 ≤ t ≤ 1 } such that (2) holds true, and if I ( q, c) < ∞ for some c > 0 , then as

n→ ∞,

s u p
1/n≤t≤(n−1)/n

∣

∣

∣n−3/2σ−1Un ( t) − Γ n ( t)
∣

∣

∣

/

q ( t ) = oP ( 1 ) . ( 4 )

In a d d it io n t o r e d u c in g t h e m o m e n t c o n d it io n s r e qu ir e d in Th e o r e m A , t h e r e s u lt ( 4 )

o f Th e o r e m 1 g e n e r a liz e s ( 3 ) a s we ll. N a m e ly, a s a d ir e c t c o n s e qu e n c e o f Th e o r e m 1 , we

h a ve t h e fo llo win g c o r o lla r y.
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Cor ollar y 1 Assume H0, 0 < σ2 <∞ and E|h( X1, X2 ) |4/3 <∞. If q ∈ Q, then

( a) we still have the conclusion of Theorem A, i.e., (3) holds true if and only if

I ( q, c) <∞ for any c > 0 ;

( b) as n→ ∞,

n−3/2σ−1Un ( t)
/

q ( t) ⇒ Γ ( t)
/

q ( t) ( 5 )

on ( D[0 , 1 ], ρ ) , where ρ is the sup-norm metric for functions in D[0 , 1 ], if and only if

I ( q, c) <∞ for any c > 0 ;

(c) as n→ ∞,

n−3/2σ−1 s u p
0<t<1

|Un ( t) |
/

q ( t) →D s u p
0<t<1

| Γ ( t) |/q ( t) ( 6 )

if and only if I ( q, c) <∞ for some c > 0 .

W h e n θ a n d σ a r e kn o wn , la r g e va lu e s o f t h e s t a t is t ic o n t h e le ft h a n d s id e s in ( 6 ) , fo r

e xa m p le , in d ic a t e a c h a n g e in t h e d is t r ib u t io n , a n d h e n c e , b a s e d o n Co r o lla r y 1 , r e je c t io n

o f H0 c a n b e qu a n t ifi e d a c c o r d in g ly. Ot h e r wis e θ a n d σ n e e d t o b e e s t im a t e d . A n a t u r a l

e s t im a t e o f θ is

θ̂ =
1

n( n− 1 )

∑

1≤i�=j≤n

h( Xi,Xj ) ,

a n d t h a t o f σ2 is

σ̂2 =
1

n

n
∑

j=1

(

g ( Xj ) −
1

n

n
∑

j=1

g ( Xj )
)2
.

A c c o r d in g t o t h e d e fi n it io n o f g ( x ) , g ( Xj ) s t ill d e p e n d s o n t h e u s u a lly u n kn o wn d is t r ib u -

t io n fu n c t io n F o f X, a n d h e n c e it t h e n c a n n o t b e c o m p u t e d e xp lic it ly. S in c e we h a ve

t h a t g ( x) + θ =
∫

h( x, y ) dF ( y ) , we c a n r e p la c e F b y t h e e m p ir ic a l d is t r ib u t io n fu n c t io n

Fn o f X1, X2, ..., Xn u n d e r H0. Co n s e qu e n t ly, we m a y fo r e xa m p le e s t im a t e σ2 b y

σ̂2 =
1

n

n
∑

j=1

( 1

n− 1

n
∑

i=1

i�=j

h ( Xi,Xj ) −
1

n ( n− 1 )

∑

1≤i�=j≤n

h( Xi, Xj )
)2
.

W e n o t e t h a t t h is e s t im a t e is in fa c t t h e ja c kkn ife e s t im a t o r o f V ar ( θ̂ ) . N o w we m a y

in t r o d u c e a s t u d e n t iz e d U -t yp e p r o c e s s a s fo llo ws :

Ûn ( t) = n−3/2 ( σ̂ ) −1
(

Z[(n+1)t] − n
2t ( 1 − t) θ̂

)

, 0 ≤ t ≤ 1 .

Th is p r o c e s s d o e s n o t d e p e n d o n t h e u n kn o wn p a r a m e t e r s θ a n d σ a n d we n o w s t a t e t h e

fo llo win g m a in r e s u lt o f t h is p a p e r .
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T heor em 2 L et q ∈ Q. Assume H0, E|h( X1,X2 ) |5/3 < ∞ and that g ( X1 ) is in the

domain of attraction of the normal law. Then, on an appropriate probability space for

X,X1, X2, · · · , we can define a sequence of Gaussian processes { Γ n ( t) , 0 ≤ t ≤ 1 } such

that (2) holds true and, as n→ ∞,

s u p
0<t<1

∣

∣

∣ Ûn ( t ) − Γ n ( t)
∣

∣

∣

/

q ( t) = oP ( 1 ) , ( 7 )

if and only if I ( q, c) <∞ for any c > 0 . Consequently, as n→ ∞,

Ûn ( t ) /q ( t) ⇒ Γ ( t)
/

q ( t) , on ( D[0 , 1 ], ρ) ( 8 )

if and only if I ( q, c) <∞ for any c > 0 . F urthermore we also have

s u p
0<t<1

|Ûn ( t) |
/

q ( t) →D s u p
0<t<1

| Γ ( t) |/q ( t ) ( 9 )

if and only if I ( q, c) <∞ for some c > 0 .

Remar k 1. It is in t e r e s t in g a n d a ls o o f in t e r e s t t o n o t e t h a t t h e c la s s o f t h e we ig h t

fu n c t io n s in ( 9 ) is b ig g e r t h a n t h a t in ( 8 ) [a ls o c o m p a r e ( 6 ) wit h ( 5 ) ]. S u c h a p h e n o m e n o n

wa s fi r s t n o t ic e d a n d p r o ve d fo r we ig h t e d e m p ir ic a l a n d qu a n t ile p r o c e s s e s b y Cs ¨o r g ˝o ,

Cs ¨o r g ˝o , H o r v´a t h a n d Ma s o n [Cs Cs H M] ( 1 9 8 6 ) a n d t h e n b y Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 8 8 b )

fo r p a r t ia l s u m s o n a s s u m in g E|X|v < ∞ fo r s o m e v > 2 . Fo r m o r e d e t a ils a lo n g t h e s e

lin e s , we r e fe r t o S z ys z ko wic z ( 1 9 9 1 , 1 9 9 6 , 1 9 9 7 ) , a n d t o Cs ¨o r g ˝o , N o r va ǐs a a n d S z ys z ko wic z

( 1 9 9 9 ) .

Remar k 2. Th e c o n d it io n t h a t 0 < σ2 = Eg2 ( X1 ) < ∞ is t h e s o -c a lle d n o n -

d e g e n e r a t e c a s e wh e n s t u d yin g U− s t a t is t ic s . In Th e o r e m 1 it is a n e c e s s a r y c o n d it io n ,

wh ile a s s u m in g E|h ( X1, X2 ) |4/3 <∞ is c lo s e t o b e in g n e c e s s a r y, o n a c c o u n t o f t h e c e n t r a l

lim it t h e o r e m fo r U -s t a t is t ic s ( s e e B o r o vs kikh ( 2 0 0 2 ) , fo r e xa m p le ) . Th e o r e m 2 p u t s a

t o t a lly n e w c o u n t e n a n c e o n t h e c la s s ic a l t h e o r y o f we a k c o n ve r g e n c e fo r s t a n d a r d iz e d U -

t yp e p r o c e s s a s in Th e o r e m 1 [s e e a ls o Th e o r e m A , S e c t io n 2 .2 .4 o f Cs ¨o r g ˝o a n d H o r v´a t h

( 1 9 9 7 ) , Go m b a y a n d H o r v́a t h ( 1 9 9 5 , 2 0 0 2 ) ] in t h a t h e r e we d e r ive r e s u lt s a s s u m in g o n ly

g ( X1 ) b e in g in t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w.

Th is p a p e r is o r g a n iz e d a s fo llo ws . In t h e n e xt s e c t io n we p r o vid e t h e p r o o fs o f m a in

r e s u lt s . Th e n , in S e c t io n 3 , we in ve s t ig a t e t h e a s ym p t o t ic b e h a vio u r o f t h e U− t yp e
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p r o c e s s Un ( .) wh e n it is b a s e d o n ke r n e ls t h a t a r e a n t is ym m e t r ic , i.e ., h( x, y ) in s u c h t h a t

h( x, y ) = −h( y, x) . Th r o u g h o u t t h e p a p e r A,A1, ... will b e u s e d t o d e n o t e t h e c o n s t a n t s

wh ic h m a y b e d iffe r e n t a t it s e a c h a p p e a r a n c e .

2 P r oofs of main r esults

W e n e e d s o m e p r e lim in a r ie s t o p r o vin g o u r m a in t h e o r e m s . Th e fo llo win g le m m a , wh ic h

is o f in d e p e n d e n t in t e r e s t , c o n s t it u t e s t h e ke y s t e p .

Lemma 1 L et ψ ( x, y ) be a measurable real valued function for which we have

E[ψ ( X1,X2 ) | X1] = E[ψ ( X1, X2 ) | X2] = 0

and E|ψ ( X1, X2 ) |4/3 <∞. Then, as n→ ∞,

1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi,Xj )
∣

∣

∣ = OP ( 1 ) , ( 1 0 )

1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi,Xj )
∣

∣

∣ = oP ( 1 ) . ( 1 1 )

P roof. W e fi r s t p r o ve ( 1 0 ) . L e t ψ∗ ( Xi, Xj ) = ψ ( Xi,Xj ) I|ψ|≤i3/2 −E[ψ ( Xi,Xj ) I|ψ|≤i3/2],

g∗ ( Xi ) = E ( ψ∗ ( Xi, Xj ) |Xi ) a n d ψ∗∗ ( Xi, Xj ) = ψ∗ ( Xi, Xj ) − g∗ ( Xi ) − g∗ ( Xj ) . W e h a ve

1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj )
∣

∣

∣ ≤ I1 ( n) + I2 ( n) + I3 ( n ) , ( 1 2 )

wh e r e

I1 ( n) =
1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

k
∑

j �=i
j=1

ψ∗∗ ( Xi, Xj )
∣

∣

∣,

I2 ( n) =
1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=1

j �=i

ψ∗∗ ( Xi, Xj )
∣

∣

∣,

I3 ( n) =
1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

( ψ ( Xi,Xj ) − ψ∗ ( Xi, Xj ) + g∗ ( Xi ) + g∗ ( Xj ) )
∣

∣

∣.

W e n e xt p r o ve It ( n) = OP ( 1 ) fo r t = 1 , 2 , 3 a n d t h e n ( 1 0 ) fo llo ws a c c o r d in g ly.
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Fir s t c o n s id e r t = 1 . W r it e Yi =
∑i−1

j=1 ψ
∗∗ ( Xi, Xj ) . It is r e a d ily s e e n t h a t

E
∣

∣

∣

∞
∑

i=2

i−3/2 Yi
∣

∣

∣

2
=

∞
∑

i=2

i−3EY 2
i ≤ A

∞
∑

i=2

i−2E[ψ2 ( X1,X2 ) I|ψ|≤i3/2 ]

≤ A
∞
∑

k=1

E[ψ2 ( X1,X2 ) I(k−1)3/2<|ψ|≤k3/2]
∞
∑

i=k

i−2

≤ AE|ψ ( X1, X2 ) |4/3 <∞.

Th is , t o g e t h e r wit h t h e K r o n e c ke r le m m a , im p lie s t h a t k−3/2 ∑k
i=1 Yi → 0 , a .s ., a n d h e n c e

I1 ( n ) = OP ( 1 ) , s in c e I1 ( n) ≤ 2 m a x1≤k≤n−1 k
−3/2|

∑k
i=2 Yi|.

S e c o n d ly we p r o ve I2 ( n) = OP ( 1 ) . B y n o t in g t h a t , fo r a n y ai a n d k ≥ 1 , 1
k

∑k
i=1 ai =

bk −
1
k

∑k−1
i=1 bi, wh e r e bi =

∑i
t=1 at/t, it fo llo ws t h a t

I2 ( n ) ≤
1

n1/2
m a x

1≤k≤n−1
k−1

∣

∣

∣

k
∑

i=1

n
∑

j=1

j �=i

ψ∗∗ ( Xi, Xj )
∣

∣

∣ ≤
2

n1/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

1

i

n
∑

j=1

j �=i

ψ∗∗ ( Xi,Xj )
∣

∣

∣.

Th e r e fo r e , it o n ly n e e d s t o b e s h o wn t h a t , u n ifo r m ly in n ≥ 1 ,

1

n1/2
E
∣

∣

∣

∞
∑

i=1

1

i

n
∑

j=1

j �=i

ψ∗∗ ( Xi, Xj )
∣

∣

∣ ≤ A <∞.

Th is fo llo ws fr o m a s im ila r a r g u m e n t t o t h a t u s e d in t h e p r o o f fo r I2 ( n) = OP ( 1 ) . In d e e d ,

fo r a ll n ≥ 1 , we h a ve

1

n1/2
E
∣

∣

∣

∞
∑

i=1

1

i

n
∑

j=1

j �=i

ψ∗∗ ( Xi, Xj )
∣

∣

∣ ≤
1

n1/2

[ ∞
∑

i=1

1

i2
E
( n
∑

j=1

j �=i

ψ∗∗ ( Xi, Xj )
)2]1/2

≤ A
( ∞
∑

i=1

1

i2
Eψ2 ( X1,X2 ) I(|ψ|≤i3/2)

)1/2

< A( E|ψ ( X1, X2 ) |4/3 ) 1/2 <∞.

Fin a lly we p r o ve I3 ( n) = OP ( 1 ) . N o t in g g∗ ( Xi ) = E ( ψ ( Xi, Xj ) I(|ψ|>i3/2)|Xi ) a n d

r e c a llin g Eψ ( X1,X2 ) = 0 , it is r e a d ily s e e n t h a t

I3 ( n) ≤
1

n
m a x

1≤k≤n−1
k−1/2

k
∑

i=1

n
∑

j=1

j �=i

[

|ψ ( Xi,Xj ) |I|ψ|≥i3/2 + E ( |ψ ( Xi, Xj ) |I(|ψ|>i3/2)|Xi )

+ E ( |ψ ( Xi, Xj ) |I(|ψ|>i3/2)|Xj )
]

+ n−1/2
n
∑

i=1

E[|ψ ( X1, X2 ) |I(|ψ|>i3/2)]

:= I
(1)
3 ( n) + I

(2)
3 ( n ) . ( 1 3 )
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B y u s in g s im ila r a r g u m e n t s a s in t h e p r o o f o f I1 ( n ) = OP ( 1 ) a n d t h e K r o n e c ke r le m m a

a g a in , t h e c la im t h a t I
(1)
3 ( n) = OP ( 1 ) fo llo ws fr o m

1

n

∞
∑

i=1

1

i1/2

n
∑

j=1

j �=i

E[|ψ ( X1, X2 ) |I(|ψ|>i3/2)] ≤
∞
∑

i=1

1

i1/2
E[|ψ ( X1, X2 ) |I(|ψ|>i3/2)]

≤
∞
∑

k=1

E[|ψ ( X1, X2 ) |I(k3/2<|ψ|≤(k+1)3/2)]
k
∑

i=1

1

i1/2

≤ AE|ψ ( X1, X2 ) |4/3 <∞,

u n ifo r m ly fo r a ll n ≥ 1 . A s t o I
(2)
3 ( n) , it is o b vio u s t h a t

I
(2)
3 ( n) ≤ n−1/2

n
∑

i=1

i−1/2E|ψ ( X1, X2 ) |4/3 ≤ AE|ψ ( X1,X2 ) |4/3 = O ( 1 ) .

Ta kin g t h e s e e s t im a t e s in t o ( 1 3 ) , we o b t a in I3 ( n) = OP ( 1 ) . Th e p r o o f o f ( 1 0 ) is n o w

c o m p le t e .

Th e p r o o f o f ( 1 1 ) is s im ila r t o t h a t o f ( 1 0 ) , b u t we h a ve t o u s e a d iffe r e n t t r u n c a t io n .

In t h e fo llo win g , we le t ψ∗ ( Xi, Xj ) = ψ ( Xi,Xj ) I|ψ|≤n3/2 − E[ψ ( Xi, Xj ) I|ψ|≤n3/2], g∗ ( Xi ) =

E ( ψ∗ ( Xi, Xj ) |Xi ) a n d ψ∗∗ ( Xi, Xj ) = ψ∗ ( Xi, Xj ) − g∗ ( Xi ) − g∗ ( Xj ) . It fo llo ws e a s ily t h a t

1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj )
∣

∣

∣ ≤
1

2

[

I∗0 ( n) + I∗1 ( n) + I∗2 ( n )
]

+ I∗3 ( n) , ( 1 4 )

wh e r e I∗0 ( n) = 1
n3/2

∣

∣

∣

∑n
i=1

∑n
j �=i
j=1

ψ∗∗ ( Xi, Xj )
∣

∣

∣,

I∗1 ( n ) =
1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

k
∑

j �=i
j=1

ψ∗∗ ( Xi, Xj )
∣

∣

∣,

I∗2 ( n ) =
1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

n
∑

i=k+1

n
∑

j=k+1

j �=i

ψ∗∗ ( Xi, Xj )
∣

∣

∣,

I∗3 ( n ) =
1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

( ψ ( Xi, Xj ) − ψ∗ ( Xi, Xj ) + g∗ ( Xi ) + g∗ ( Xj ) )
∣

∣

∣.

It is r e a d ily s e e n t h a t

E[I∗0 ( n) ]2 ≤ An−1Eψ2 ( X1, X2 ) I|ψ|≤n3/2

≤ A
[

ǫ−2 n−1/3E|ψ ( X1, X2 ) |4/3 + E|ψ ( X1, X2 ) |4/3I|ψ|≥n

]

→ 0 , a s n→ ∞.
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Th is yie ld s t h a t I∗0 ( n) = oP ( 1 ) . N o t in g t h a t {
∑k

j=2 Yj ,Fk, 2 ≤ k ≤ n} is a m a r t in g a le ,

wh e r e Yj =
∑j−1

i=1 ψ
∗∗ ( Xi, Xj ) a n d Fk = σ{X1, ...,Xk}, it fo llo ws fr o m t h e we ll-kn o wn

Ma xim u m in e qu a lit y fo r m a r t in g a le s t h a t , fo r a n y ǫ > 0 ,

P ( I∗1 ( n) ≥ ǫ) ≤ 4 ǫ−2 n−3E m a x
1≤k≤n−1

|
k
∑

j=2

Yj|
2 ≤ Aǫ−2 n−3

n
∑

j=2

EY 2
j

≤ Aǫ−2 n−1Eψ2 ( X1, X2 ) I|ψ|≤n3/2

≤ A
[

ǫ−2 n−1/3E|ψ ( X1, X2 ) |4/3 + E|ψ ( X1,X2 ) |4/3I|ψ|≥n

]

→ 0 , a s n→ ∞.

Th is yie ld s I∗1 ( n) = oP ( 1 ) . B y a s im ila r a r g u m e n t a s in t h e p r o o f fo r I∗1 ( n) = oP ( 1 ) , we

h a ve I∗2 ( n) = oP ( 1 ) . A s fo r I∗3 ( n) , it is r e a d ily s e e n t h a t

E|I∗3 ( n) | ≤
1

n3/2

n
∑

i=1

n
∑

j=1

j �=i

E
∣

∣

∣ψ ( Xi, Xj ) − ψ∗ ( Xi,Xj ) + g∗ ( Xi ) + g∗ ( Xj )
∣

∣

∣

≤ 4 n1/2E[|ψ ( X1,X2 ) |I|ψ|≥n3/2 ]

≤ 4 E[|ψ ( X1, X2 ) |4/3I|ψ|≥n3/2 ] → 0 ,

a s n→ ∞, wh ic h im p lie s t h a t I∗3 ( n) = oP ( 1 ) . Ta kin g a ll e s t im a t e s fo r I∗t ( n) , t = 0 , 1 , 2 , 3

in t o ( 1 4 ) , we o b t a in t h e r e qu ir e d ( 1 1 ) . Th e p r o o f o f L e m m a 1 is n o w c o m p le t e .

Th e n e xt t wo le m m a s a r e d u e t o Cs Cs H M ( 1 9 8 6 ) [c f. L e m m a A .5 .1 a n d Th e o r e m

A .5 .1 r e s p e c t ive ly in Cs ¨o g ˝o a n d H o r v́a t h ( 1 9 9 7 ) ]. P r o o fs o f L e m m a s 2 a n d 3 c a n a ls o b e

fo u n d in S e c t io n 4 .1 o f Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 9 3 ) .

Lemma 2 L et q ( t) ∈ Q. If I ( q, c) <∞ for some c > 0 , then

lim
t↓0

t1/2/q ( t) = 0 and lim
t↑1

( 1 − t) 1/2/q ( t) = 0 .

Lemma 3 L et {W ( t) , 0 ≤ t <∞} be a standard W iener process and q ( t) ∈ Q. Then,

(a) I ( q, c) <∞ for any c > 0 if and only if

lim s u p
t↓0

|W ( t) |/q ( t ) = 0 , a.s. and lim s u p
t↑1

|W ( 1 ) −W ( t ) |/q ( t) = 0 , a.s.

(b) I ( q, c) <∞ for some c > 0 if and only if

lim s u p
t↓0

|W ( t) |/q ( t) <∞, a.s. and lim s u p
t↑1

|W ( 1 ) −W ( t ) |/q ( t) <∞, a.s.

8



W e a r e n o w r e a d y t o p r o ve o u r m a in t h e o r e m s .

P r oof of T heor em 1. To g e t h e r wit h t h e n o t a t io n a s in S e c t io n 1 , we wr it e ψ ( x, y ) =

h( x, y ) − θ − g ( x ) − g ( y ) a n d Tn ( t) = W[(n+1)t], 0 ≤ t ≤ 1 , wh e r e

Wk = ( n− k )
k
∑

j=1

g ( Xj ) + k
n
∑

j=k+1

g ( Xj ) .

N o t in g t h a t g ( Xj ) a r e iid r a n d o m va r ia b le s wit h Eg ( X1 ) = 0 a n d σ2 = Eg2 ( X1 ) < ∞,

a s in t h e p r o o f o f ( 2 .1 .4 5 ) in Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 9 7 ) , o n a n a p p r o p r ia t e p r o b a b ilit y

s p a c e fo r X,X1,X2, · · · we c a n d e fi n e a s e qu e n c e o f Ga u s s ia n p r o c e s s e s { Γ n ( t ) , 0 ≤ t ≤ 1 }

s u c h t h a t , fo r e a c h n ≥ 1 ,

{ Γ n ( t) , 0 ≤ t ≤ 1 }
D
= { Γ ( t) , 0 ≤ t ≤ 1 },

a n d if q ∈ Q a n d I ( q, c) <∞ fo r s o m e c > 0 , t h e n , a s n→ ∞,

s u p
1/n≤t≤(n−1)/n

∣

∣

∣n−3/2σ−1Tn ( t ) − Γ n ( t)
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 1 5 )

B y vir t u e o f ( 1 5 ) , Th e o r e m 1 will fo llo w if we p r o ve

Jn := s u p
1/n≤t≤(n−1)/n

∣

∣

∣n−3/2Un ( t ) − n−3/2Tn ( t)
∣

∣

∣

/

q ( t ) = oP ( 1 ) . ( 1 6 )

In o r d e r t o p r o ve ( 1 6 ) , wr it e Vn ( t ) = W ∗
[(n+1)t], wh e r e W ∗

k =
∑k

j=1

∑n
j=k+1 ψ ( Xi, Xj ) .

N o t e t h a t E ( ψ ( X1, X2 ) | X1 ) = E ( ψ ( X1, X2 ) | X2 ) = 0 a n d

E|ψ ( X1, X2 ) |4/3 ≤ AE|h( X1,X2 ) |4/3 < ∞.

It fo llo ws fr o m ( 1 1 ) t h a t

J (1)
n := s u p

δ≤t≤1−δ
|n−3/2Vn ( t) |

/

q ( t)

≤
1

n3/2
m a x

1≤k≤n−1

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj )
∣

∣

∣ s u p
δ≤t≤1−δ

q−1 ( t ) = oP ( 1 ) ,

fo r a n y δ ∈ ( 0 , 1 ) a n d q ∈ Q. L e t δ > 0 b e s o s m a ll t h a t q ( t) is a lr e a d y n o n d e c r e a s in g o n

( 0 , δ ) a n d n o n in c r e a s in g o n ( 1 − δ, 1 ) a n d le t n b e s o la r g e s u c h t h a t 1 /n ≤ δ. It fo llo ws

fr o m ( 1 0 ) a n d L e m m a 2 t h a t

J (2)
n := s u p

0<t≤δ
|n−3/2Vn ( t ) |

/

q ( t)

≤
1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj )
∣

∣

∣ s u p
0<t≤δ

t1/2/q ( t ) = oP ( 1 ) ,
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wh e n n→ ∞ a n d t h e n δ → 0 . S im ila r ly, we h a ve a ls o

J (3)
n := s u p

1−δ≤t<1
|n−3/2Vn ( t ) |

/

q ( t )

≤
1

n
m a x

1≤k≤n−1
k−1/2

∣

∣

∣

k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj )
∣

∣

∣ s u p
1−δ≤t<1

t1/2/q ( t) = oP ( 1 ) ,

wh e n n→ ∞ a n d t h e n δ → 0 . B y vir t u e o f t h e s e e s t im a t e s , it is r e a d ily s e e n t h a t

Jn ≤ J (1)
n + J (2)

n + J (3)
n + An−1/2 s u p

1/n≤t≤(n−1)/n
1 /q ( t ) = oP ( 1 ) , ( 1 7 )

wh ic h yie ld s ( 1 6 ) . Th e p r o o f o f Th e o r e m 1 is n o w c o m p le t e .

P r oof of Cor ollar y 1. H a vin g Th e o r e m 1 , L e m m a s 2 -3 a n d t h e r e s u lt ( 1 6 ) , t h e

p r o o f o f Co r o lla r y 1 is t h e s a m e a s t h a t g ive n in t h e p r o o f o f Th e o r e m 2 .4 .2 in Cs ¨o r g ˝o

a n d H o r v́a t h ( 1 9 9 7 ) , a n d h e n c e t h e d e t a ils a r e o m it t e d .

P r oof of T heor em 2. W e fi r s t p r o ve ( 7 ) . It is r e a d ily s e e n t h a t

Ûn ( t) = n−3/2 ( σ̂ ) −1{Z[(n+1)t] − n
2t( 1 − t) θ} + t( 1 − t) n1/2 ( σ̂ ) −1 ( θ̂ − θ )

=

{∑n
j=1 g

2 ( Xj )

nσ̂2

}1/2

n−1
{ n
∑

j=1

g2 ( Xj )
}−1/2

Un ( t) + t ( 1 − t) n1/2 ( σ̂ ) −1 ( θ̂ − θ ) .

( 1 8 )

Fu r t h e r m o r e Un ( t) = Tn ( t) + Vn ( t) , wh e r e Tn ( t ) a n d Vn ( t) a r e d e fi n e d a s in t h e p r o o f o f

Th e o r e m 1 . R e c a llin g t h a t g ( X1 ) is in t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w, a s in

t h e p r o o f o f Th e o r e m 5 .2 o f Cs ¨o r g ˝o , S z ys z ko wic z a n d W a n g [Cs S z W ] ( 2 0 0 4 ) wit h m in o r

m o d ifi c a t io n s , we h a ve t h a t o n a n a p p r o p r ia t e p r o b a b ilit y s p a c e fo r X,X1, X2, · · · , we c a n

d e fi n e a s e qu e n c e o f Ga u s s ia n p r o c e s s e s {Γ n ( t) , 0 ≤ t ≤ 1 } s u c h t h a t ( 2 ) h o ld s t r u e , a n d

a s n→ ∞,

s u p
0<t<1

∣

∣

∣n−1
{ n
∑

j=1

g2 ( Xj )
}−1/2

Tn ( t) − Γ n ( t )
∣

∣

∣

/

q ( t) = oP ( 1 ) ,

if a n d o n ly if I ( q, c) <∞ fo r a n y c > 0 . Th e r e fo r e , t o p r o ve ( 7 ) , it s u ffi c e s t o s h o w t h a t

n−1
{ n
∑

j=1

g2 ( Xj )
}−1/2

s u p
0<t<1

|Vn ( t) |/q ( t ) = oP ( 1 ) , ( 1 9 )

{

n−1
n
∑

j=1

g2 ( Xj )
}−1

σ̂2 − 1 = oP ( 1 ) , ( 2 0 )

1 0



a n d

n1/2 ( σ̂ ) −1 ( θ̂ − θ ) = oP ( 1 ) . ( 2 1 )

Th e p r o o f o f ( 1 9 ) is s im p le a n d in fa c t ( 1 9 ) h o ld s t r u e if q ( x ) s a t is fi e s I ( q, c) < ∞

fo r s o m e c > 0 . In d e e d , s in c e g ( X1 ) is in t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l

la w, we h a ve 1
bn

∑n
j=1 g

2 ( Xj ) →P 1 , wh e r e bn = n l ( n) wit h t h a t l ( n) = Eg2 ( X1 ) if

Eg2 ( X1 ) <∞ o r l ( n) → ∞ if Eg2 ( X1 ) = ∞. On t h e o t h e r h a n d , a s in t h e p r o o f o f ( 1 6 ) ,

n−3/2 s u p 0<t<1 |Vn ( t) |/q ( t) = oP ( 1 ) e ve n wh e n q ( x ) s a t is fi e s I ( q, c) < ∞ fo r s o m e c > 0 ,

a n d h e n c e ( 1 9 ) fo llo ws im m e d ia t e ly fr o m t h e s e fa c t s .

W e n e xt p r o ve ( 2 0 ) . Th e c la im ( 2 1 ) fo llo ws b y u s in g ( 2 0 ) , a n d h e n c e t h e d e t a ils a r e

o m it t e d . W it h o u t lo s s o f g e n e r a lit y, we a s s u m e θ = 0 . W e m a y r e wr it e σ̂2 a s

σ̂2 =
1

n( n− 1 ) 2
∑

i�=j �=k

h( Xi, Xj ) h( Xi, Xk ) +
1

n( n− 1 ) 2
∑

i�=j

h2 ( Xi, Xj ) − θ̂2

:= Wn1 + Wn2 − θ̂
2.

R e c a llin g E|h ( X1, X2 ) |5/3 < ∞, it fo llo ws fr o m a Ma r c in kie wic z t yp e s t r o n g la w fo r U -

s t a t is t ic s t h a t Wn2 − θ̂
2 → 0 , a.s. [s e e Gin e a n d Zin n ( 1 9 9 2 ) , fo r e xa m p le ]. Th e r e fo r e ( 2 0 )

will fo llo w if we p r o ve

{

n−1
n
∑

j=1

g2 ( Xj )
}−1

Wn1 − 1 = oP ( 1 ) . ( 2 2 )

W r it e , fo r i �= j �= k,

h
(1)
ij = h ( Xi,Xj ) I(|h|≤n6/5), g(1) ( Xi ) = E ( h

(1)
ij |Xi ) ,

ψijk = h
(1)
ij h

(1)
ik − Eh

(1)
ij h

(1)
ik ,

ϕ(1)
i = E ( ψijk|Xi ) , ϕ(2)

j = E ( ψijk|Xj ) , ϕ(3)
k = E ( ψijk|Xk ) .

N o t in g t h a t E{h
(1)
ij h

(1)
ik |Xi} = {g(1) ( Xi ) }2, it is r e a d ily s e e n t h a t ϕ

(1)
i = {g(1) ( Xi ) }2 −

E[h
(1)
ij h

(1)
ik ], a n d

∑

i�=j �=k

h
(1)
ij h

(1)
ik =

∑

i�=j �=k

ψijk +
∑

i�=j �=k

E[h
(1)
ij h

(1)
ik ]

=
∑

i�=j �=k

{g(1) ( Xi ) }2 +
∑

i�=j �=k

{ϕ
(2)
j + ϕ

(3)
k }

+
∑

i�=j �=k

( ψijk − ϕ
(1)
i − ϕ

(2)
j − ϕ

(3)
k )

:= Vn1 + Vn2 + Vn3.

1 1



In t h e n e xt p a r a g r a p h , we will s h o w t h a t

{

n−1
n
∑

j=1

g2 ( Xj )
}−1 (

n−3 Vn1
)

− 1 = oP ( 1 ) , ( 2 3 )

n−3 ( Vn2 + Vn3 ) = oP ( 1 ) . ( 2 4 )

It fo llo ws fr o m ( 2 3 ) a n d ( 2 4 ) t h a t

{

n−1
n
∑

j=1

g2 ( Xj )
}−1

n−3
∑

i�=j �=k

h
(1)
ij h

(1)
ik − 1 = oP ( 1 ) , ( 2 5 )

a n d t h e n ( 2 2 ) fo llo ws fr o m ( 2 5 ) a n d

P





∑

i�=j �=k

hij hik �=
∑

i�=j �=k

h
(1)
ij h

(1)
ik



 ≤ n2 P ( |h( X1, X2 ) | ≥ n6/5 )

≤ E|h( X1, X2 ) |5/3I|h|≥n6/5 → 0 .

W e a r e t o p r o ve ( 2 3 ) a n d ( 2 4 ) n o w. Co n s id e r ( 2 3 ) fi r s t . B y n o t in g t h a t g(1) ( X1 ) =

g ( X1 ) − g∗ ( Xj ) , wh e r e g∗ ( Xj ) = E{h( X1, X2 ) I(|h|≥n6/5)|X1}, we h a ve

∣

∣

∣

n
∑

j=1

[

{g(1) ( Xj ) }2 − g2 ( Xj )
]∣

∣

∣ ≤
n
∑

j=1

[

2 |g ( Xj ) | |g∗ ( Xj ) | + |g∗ ( Xj ) |2
]

≤ 2
[ n
∑

j=1

g2 ( Xj )
]1/2 [

n
∑

j=1

{g∗ ( Xj ) }2
]1/2

+
n
∑

j=1

{g∗ ( Xj ) }2.

N o w, s in c e g ( X1 ) is in t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w [wh ic h im p lie s t h a t

1
n

∑n
j=1 g

2 ( Xj ) →P C > 0 , wh e r e C m a y b e ∞], s im p le c a lc u la t io n s s h o w t h a t ( 2 3 ) will

fo llo w if we p r o ve

1

n

n
∑

j=1

{g∗ ( Xj ) }2 = oP ( 1 ) . ( 2 6 )

In fa c t , fo r a n y ǫ > 0 , we h a ve

P
( n
∑

j=1

{g∗ ( Xj ) }2 ≥ ǫ n
)

≤ ǫ−1/2n−1/2
n
∑

j=1

E|g∗ ( Xj ) |

≤ ǫ−1/2n1/2E|h( X1, X2 ) |I(|h|≥n6/5)

≤ ǫ−1/2E|h( X1,X2 ) |5/3I(|h|≥n6/5) → 0 ,

a s n→ ∞. Th is im p lie s ( 2 6 ) a n d h e n c e c o m p le t e s t h e p r o o f o f ( 2 3 ) .

1 2



W e n e xt p r o ve ( 2 4 ) . B y n o t in g t h a t n−3Vn3 is a d e g e n e r a t e U -s t a t is t ic o f o r d e r 3 , it

fo llo ws fr o m m o m e n t in e qu a lit y fo r d e g e n e r a t e U -s t a t is t ic s ( s e e , B o r o vs kikh ( 1 9 9 6 ) , fo r

e xa m p le ) t h a t , fo r a n y ǫ > 0 ,

P ( |Vn3| ≥ ǫn3 ) ≤ ǫ−5/3 n−5E|Vn3|
5/3

≤ Aǫ−5/3 n−2E
∣

∣

∣ψ123 − ϕ
(1)
1 − ϕ

(2)
2 − ϕ

(3)
3

∣

∣

∣

5/3

≤ Aǫ−5/3 n−2E|h( X1, X2 ) |10/3I(|h|≤n6/5)

≤ Aǫ−5/3
[

n−1/3 + E|h( X1, X2 ) |5/3I(|h|≥n1/2)

]

→ 0 , ( 2 7 )

a s n→ ∞. On t h e o t h e r h a n d , b y n o t in g t h a t

E
{

E
[

h
(1)
12 h

(1)
13 |X2

]}2
= E

{

h
(1)
12 h

(1)
13 E

[

h
(1)
42 h

(1)
45 |X2

]}

= E
[

h
(1)
12 h

(1)
13 h

(1)
42 h

(1)
45

]

≤
[

Eh2 ( X1,X2 ) I|h|≤n6/5

]2
≤ n4/5

{

E|h( X1, X2 ) |5/3
}2
,

it is r e a d ily s e e n t h a t , fo r a n y ǫ > 0 ,

P ( |Vn3| ≥ ǫn3 ) ≤ ǫ−2E
(

n−3Vn2
)2

≤ Aǫ−2 n−1E
(

ϕ(2)
1 + ϕ(3)

1

)2

≤ Aǫ−2 n−1
[

E
{

E
(

h
(1)
12 h

(1)
13 |X2

)}2
+

(

E
{

h
(1)
12

}2)2
]

≤ Aǫ−2 n−1/5
{

E|h( X1, X2 ) |5/3
}2

→ 0 , ( 2 8 )

a s n→ ∞. B y vir t u e o f ( 2 7 ) a n d ( 2 8 ) , we o b t a in ( 2 4 ) . Th e p r o o f o f ( 7 ) is n o w c o m p le t e .

Th e r e s u lt ( 8 ) is a d ir e c t c o n s e qu e n c e o f ( 7 ) . A s fo r ( 9 ) , b y vir t u e o f ( 1 8 ) -( 2 1 ) ( r e c a llin g

t h a t ( 1 9 ) s t ill h o ld s t r u e fo r q ( x) s a t is fyin g I ( q, c) < ∞ fo r s o m e c > 0 , a s e xp la in e d in

it s p r o o f ) , it s u ffi c e s t o s h o w t h a t

s u p
0<t<1

∣

∣

∣n−1
{ n
∑

j=1

g2 ( Xj )
}−1/2

Tn ( t )
∣

∣

∣ →D s u p
0<t<1

| Γ ( t) |/q ( t ) ( 2 9 )

if a n d o n ly if I ( q, c) <∞ fo r s o m e c > 0 , wh e r e Tn ( t) = W[(n+1)t], 0 ≤ t ≤ 1 , wit h

Wk = ( n− k )
k
∑

j=1

g ( Xj ) + k
n
∑

j=k+1

g ( Xj ) .

Th is fo llo ws fr o m t h e s a m e a r g u m e n t s a s in t h e p r o o f o f Co r o lla r y 5 .2 in Cs S z W ( 2 0 0 4 ) ,

a n d h e n c e t h e d e t a ils a r e o m it t e d . Th is a ls o c o m p le t e s t h e p r o o f o f Th e o r e m 2 .
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3 Antisymmetr ic ker nel

In t h is s e c t io n we c o n s id e r t h e a s ym p t o t ic s o f U -t yp e p r o c e s s e s wit h a n t is ym m e t r ic ke r n e l

h( x, y ) , i.e ., h( x, y ) = −h( y, x ) . Th is kin d o f ke r n e ls c a n n o t b e s ym m e t r iz e d , b u t t h e y

a r e e s p e c ia lly u s e fu l t o c h e c k t h e e qu a lit y o f d is t r ib u t io n s fo r d iffe r e n t g r o u p s o f r a n d o m

va r ia b le s s in c e Eh( X1, X2 ) = 0 wh e n e ve r X1 =D X2. A n e xa m p le is g ive n in P e t t it t

( 1 9 7 9 ) , wh o u s e d fu n c t io n s o f t h e Ma n n -W h it n e y t yp e s t a t is t ic s

Rn ( t ) = ( 1 2 ) 1/2n−3/2
∑

1≤i≤nt

∑

nt<j≤n

s ig n ( Xi −Xj )

t o d e t e c t p o s s ib le c h a n g e s in d is t r ib u t io n .

Fo r t h e a n t i-s ym m e t r ic ke r n e l h( x, y ) , b y le t t in g g ( t ) = Eh( X1, t) , we m a y wr it e

Zk =
k
∑

i=1

n
∑

j=k+1

ψ ( Xi, Xj ) + n
[ k
∑

i=1

g ( Xi ) −
k

n

n
∑

i=1

g ( Xi )
]

,

wh e r e ψ ( x, y ) = h( x, y ) − g ( x ) + g ( y ) wit h

E [ψ ( X1, X2 ) | X1] = E [ψ ( X1, X2 ) | X2] = 0 .

S in c e L e m m a 1 d o e s n o t d e p e n d o n t h e s ym m e t r y o f t h e ke r n e l, s im ila r ly t o t h e

p r o o fs o f Th e o r e m s 1 a n d 2 , we h a ve t h e fo llo win g r e s u lt s fo r U-t yp e p r o c e s s e s wit h

a n t is ym m e t r ic ke r n e l h ( x, y ) , wh ic h im p r o ve a n d g e n e r a liz e t h e s im ila r e a r lie r r e s u lt s o f

Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 8 8 a , b ) , S z ys z ko wic z ( 1 9 9 1 , 1 9 9 2 ) a n d t h o s e g ive n in S e c t io n

2 .4 o f Cs ¨o r g ˝o a n d H o r v́a t h ( 1 9 9 7 ) a lo n g t h e s e lin e s . It is in t e r e s t in g t o n o t e t h a t t h e

Ga u s s ia n lim it p r o c e s s t h a t is s h a r e d b y Th e o r e m s 1 a n d 2 a n d t h a t o f Th e o r e m s 3 a n d

4 a r e d iffe r e n t , a lt h o u g h t h e y a r e o f e qu a l va r ia n c e . Fo r fu r t h e r r e la t e d r e s u lt s , we r e fe r

t o Ja n s o n a n d W ic h u r a ( 1 9 8 3 ) , a n d Go m b a y ( 2 0 0 0 a , b , 2 0 0 1 , 2 0 0 4 ) .

W e c o n t in u e t o u s e t h e n o t a t io n s a s in S e c t io n 1 , b u t Un ( t) a n d Ûn ( t) a r e n o w d e fi n e d

in t e r m s o f a n t is ym m e t r ic ke r n e l h( x, y ) = −h( y, x) .

T heor em 3 L et q ∈ Q. Assume H0, 0 < σ2 < ∞ and E|h( X1, X2 ) |4/3 < ∞. Then, on

an appropriate probability space for X,X1, X2, · · · , we can define a sequence of B rownian

bridges {Bn ( t) , 0 ≤ t ≤ 1 } such that if I ( q, c) <∞ for some c > 0 , then as n→ ∞,

s u p
1/n≤t≤(n−1)/n

∣

∣

∣n−3/2σ−1Un ( t ) −Bn ( t )
∣

∣

∣

/

q ( t) = oP ( 1 ) . ( 3 0 )
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Consequently, we have that

(a) a sequence of B rownian bridges {Bn ( t) , 0 ≤ t ≤ 1 } can be defined such that (30)

holds true if and only if I ( q, c) <∞ for any c > 0 ;

( b) as n→ ∞,

n−3/2σ−1Un ( t)
/

q ( t) ⇒ B ( t)
/

q ( t) ( 3 1 )

on ( D[0 , 1 ], ρ ) , where ρ is the sup-norm metric for functions in D[0 , 1 ], if and only if

I ( q, c) <∞ for any c > 0 ;

(c) as n→ ∞,

n−3/2σ−1 s u p
0<t<1

|Un ( t) |
/

q ( t) →D s u p
0<t<1

|B ( t) |/q ( t) ( 3 2 )

if and only if I ( q, c) < ∞ for some c > 0 , where, in (b) and (c), {B ( t) , 0 ≤ t ≤ 1 } is a

B rownian bridge.

Th e o r e m 3 is t o b e c o m p a r e d t o S z ys z ko wic z ( 1 9 9 1 , Th e o r e m 2 .1 ) [c f. Th e o r e m 2 .4 .1

in Cs ¨o r g ˝o a n d H o r v´a t h ( 1 9 9 7 ) ].

T heor em 4 L et q ∈ Q. Assume H0, E|h( X1,X2 ) |5/3 < ∞ and that g ( X1 ) is in the

domain of attraction of the normal law. Then, on an appropriate probability space for

X,X1, X2, · · · , we can define a sequence of B rownian bridges {Bn ( t) , 0 ≤ t ≤ 1 } such

that, as n→ ∞,

s u p
0<t<1

∣

∣

∣ Ûn ( t) − Bn ( t)
∣

∣

∣

/

q ( t) = oP ( 1 ) , ( 3 3 )

if and only if I ( q, c) <∞ for any c > 0 . Consequently, as n→ ∞,

Ûn ( t ) /q ( t) ⇒ B ( t)
/

q ( t) , on ( D[0 , 1 ], ρ) ( 3 4 )

if and only if I ( q, c) < ∞ for any c > 0 , where {B ( t) , 0 ≤ t ≤ 1 } is a B rownian bridge.

F urthermore we also have

s u p
0<t<1

|Ûn ( t) |
/

q ( t) →D s u p
0<t<1

|B ( t) |/q ( t ) ( 3 5 )

if and only if I ( q, c) <∞ for some c > 0 .

On t a kin g h( x, y ) = x − y, Th e o r e m 4 e s s e n t ia lly e xt e n d s Co r o lla r y 2 .1 .1 o f Cs ¨o r g ˝o

a n d H o r v´a t h ( 1 9 9 7 ) [c f. Th e o r e m 5 .1 in Cs S z W ( 2 0 0 4 ) ] a n d r h ym e s wit h Th e o r e m 5 .2 o f

Cs S z W ( 2 0 0 4 ) [c f. a ls o Cs S z W ( 2 0 0 6 ) ], wh e r e we s t u d y d ir e c t ly t h e p r o b le m o f c h a n g e in

t h e m e a n in t h e d o m a in o f a t t r a c t io n o f t h e n o r m a l la w.
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