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Abstr act

In t h is a r t ic le we p r o vid e lo we r a n d u p p e r b o u n d s fo r t h e e xp e c t a t io n o f t h e p r o d u c t

o f t wo r a n d o m va r ia b le s . Th e s e b o u n d s a r e s h a r p e r t h a n t h o s e in t h e Ca u c h y-S c h wa r z

in e qu a lit y a n d e ve n in t h e H ¨o ld e r in e qu a lit y. W e a ls o d e r ive a m o n o t o n e p r o p e r t y

fo r t h e c o va r ia n c e b e t we e n in fi n it e ly d ivis ib le r a n d o m va r ia b le s . Ou r r e s u lt s m ig h t

b e u s e d in c h e c kin g wh e t h e r t h e c o r r e la t io n s t r u c t u r e a s s u m e d fo r t h e s im u la t io n is

c o n s is t e n t .

K eywords: S h a r p b o u n d s ; Ca u c h y-S c h wa r z in e qu a lit y; H ¨o ld e r in e qu a lit y; Co va r i-

a n c e s ; In fi n it e ly d ivis ib le r a n d o m va r ia b le s ; S im u la t io n

AM S 2000 Subject Classifications: P r im a r y 6 0 E 1 5 ; s e c o n d a r y 6 5 C0 5

1 I ntr oduction

In m a n y r e c e n t s t u d ie s , m o r e t h a n o n e r e s p o n s e va r ia b le is a s s u m e d t o b e o b s e r ve d

o n e a c h o f t h e e xp e r im e n t a l u n it s . On e e xa m p le o f t h is kin d o f d a t a is fo u n d in

R e g a n a n d Ca t a la n o ( 1 9 9 9 ) wh e r e t h e y a n a lyz e t h e jo in t r is k o f m a lfo r m a t io n a n d

lo w fe t a l we ig h t s in c u r r e d b y in c r e a s e d d o s a g e le ve ls . A n o t h e r in t e r e s t in g e xa m p le is

t h e s e t o f d a t a o b t a in e d b y Fe a g a n e t a l. ( 1 9 9 5 ) t o e va lu a t e t h e a n t ifl a m m a t o r y d r u g

m e t h o t r e xa t e fo r p a t ie n t s wit h c h r o n ic a lly a c t ive Cr o h n ’s d is e a s e . H e r e t h e e ffi c a c y

o f t h e d r u g wa s m e a s u r e d b y u s in g t wo in s t r u m e n t s : t h e Cr o h n ’s D is e a s e A c t ivit y

In d e x a n d t h e In fl a m m a t o r y B o we l D is e a s e Qu e s t io n n a ir e .
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S in c e t h e r e m ig h t b e n o n ig n o r a b le d e p e n d e n c e a m o n g t h e r e s p o n s e va r ia b le s if

t h e y c o m e fr o m t h e s a m e s u b je c t , it is g e n e r a lly h a r d t o c o n s t r u c t t h e like lih o o d

fu n c t io n b a s e d o n t h e o b s e r ve d d a t a . Fo r a n a lyz in g s u c h d a t a , we u s u a lly r e ly o n

t h e g e n e r a liz e d e s t im a t in g e qu a t io n s ( GE E ) a p p r o a c h wh ic h is a va r ia n t o f t h e qu a s i-

like lih o o d m e t h o d . Th is a p p r o a c h s im p ly s p e c ifi e s m a r g in a l m o d e ls fo r t h e o u t c o m e

va r ia b le s a n d t h e ir c o r r e la t io n s t r u c t u r e in s t e a d o f s p e c ifyin g t h e c o m p le t e jo in t d is -

t r ib u t io n fo r t h o s e d e p e n d e n t o b s e r va t io n s . On e m a y r e fe r t o L ia n g a n d Ze g e r ( 1 9 8 6 )

a n d Ze g e r , L ia n g a n d A lb e r t ( 1 9 8 8 ) fo r d e t a ils o f GE E .

A lt h o u g h a s ym p t o t ic p r o p e r t ie s o f GE E e s t im a t o r s a r e we ll kn o wn , t h e ir fi n it e -

s a m p le b e h a vio r s a r e g e n e r a lly u n kn o wn a n d m u s t b e in ve s t ig a t e d t h r o u g h a Mo n t e

Ca r lo s im u la t io n . Fo r t h is , we h a ve t o s p e c ify t h e u n d e r lyin g p a r a m e t e r s u p o n wh ic h

in ve s t ig a t io n s will b e m a d e . H o we ve r , u n like t h e p a r a m e t e r s in m a r g in a l m o d e ls ,

c o r r e la t io n s a m o n g t h e o u t c o m e va r ia b le s c a n n o t b e s p e c ifi e d a r b it r a r ily b e t we e n −1

a n d 1 if t h e y h a ve d iffe r e n t fa m ilie s o f d is t r ib u t io n s . Th is c a n b e e a s ily u n d e r s t o o d b y

n o t in g t h a t a n o r m a l a n d a P o is s o n va r ia b le c a n n e ve r h a ve a c o r r e la t io n c o e ffi c ie n t o f

1 . Co n s e qu e n t ly, it m a y we ll b e in t e r e s t in g t o fi n d t h e u p p e r a n d lo we r b o u n d s fo r t h e

c o r r e la t io n c o e ffi c ie n t b e t we e n t h e r a n d o m va r ia b le s wh e n t h e ir m a r g in a l d is t r ib u t io n s

a r e s p e c ifi e d a s d iffe r e n t .

On c e m a r g in a l d is t r ib u t io n s a r e s p e c ifi e d , o u r p r o b le m is e qu iva le n t t o fi n d in g t h e

b o u n d s fo r t h e e xp e c t a t io n o f t h e p r o d u c t o f t wo r a n d o m va r ia b le s . A s we s h a ll s e e

in t h e n e xt s e c t io n , o u r r e s u lt s a r e s t r o n g e r t h a n t h e Ca u s h y-S c h wa r z in e qu a lit y a n d

e ve n t h e H ¨o ld e r in e qu a lit y.

2 M ain Results

Fo r t wo r a n d o m va r ia b le s X a n d Y wit h fi n it e s e c o n d m o m e n t s , t h e Ca u c h y-S c h wa r z

in e qu a lit y s a ys

|E ( XY ) | ≤ [E ( X2 ) E ( Y 2 ) ]1/2,

wh e r e t h e e qu a lit y h o ld s if a n d o n ly if t h e r e e xis t r e a l n u m b e r s a a n d b n o t b o t h z e r o

s u c h t h a t P{aX + bY = 0 } = 1 . B u t , t h e r e m ig h t b e a qu e s t io n a b o u t t h e b o u n d
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wh e n X a n d Y a r e n o t p r o p o r t io n a l t o e a c h o t h e r o r wh e n t h e ir m a r g in a l d is t r ib u t io n s

a r e o f d iffe r e n t t yp e s . In t h is s e c t io n we p r o vid e lo we r a n d u p p e r b o u n d s fo r E ( XY )

wh ic h a r e s h a r p e r t h a n t h e Ca u c h y-S c h wa r z b o u n d s .

Th r o u g h o u t t h is s e c t io n a ll t h e r a n d o m va r ia b le s r e fe r r e d t o a r e a s s u m e d t o b e

d e fi n e d o n a fi xe d p r o b a b ilit y s p a c e ( Ω,F , P ) . A r a n d o m va r ia b le X is s a id t o b e

s im p le if it c a n b e r e p r e s e n t e d a s a fi n it e s u m o f t h e fo r m X =
∑

i xiIAi
, xi ∈ R,

Ai ∈ F , wh e r e {Ai} fo r m s a fi n it e p a r t it io n o f Ω. IA d e n o t e s t h e in d ic a t o r fu n c t io n

o f a s e t A. Fo r a d is t r ib u t io n fu n c t io n F , le t F−1 d e n o t e t h e qu a n t ile fu n c t io n o f F .

W e b e g in wit h t h e c a s e o f s im p le r a n d o m va r ia b le s .

Lemma 2.1 F or simple random variables X and Y with distribution functions F

and G, respectively, we have

E ( F−1 ( U ) G−1 ( 1 − U ) ) ≤ E ( XY ) ≤ E ( F−1 ( U ) G−1 ( U ) ) , ( 2 .1 )

where U is a Uniform(0,1) random variable.

P r oof. W r it e X =
∑m

i=1 xiIAi
, Ai = {X = xi} a n d Y =

∑n
j=1 yjIBj

, Bj = {Y = yj},
wh e r e {Ai} a n d {Bj} fo r m fi n it e p a r t it io n s o f Ω. W e m a y a s s u m e −∞ < x1 < x2 <

· · · < xm < ∞ a n d −∞ < y1 < y2 < · · · < yn < ∞. A ls o , we wr it e

pij = P{X = xi, Y = yj}, i = 1 , ...,m; j = 1 , ..., n,

qi = P{X ≤ xi} =
i

∑

k=1

n
∑

j=1

pkj, i = 1 , ...,m,

rj = P{Y ≤ yj} =

j
∑

l=1

m
∑

i=1

pil, j = 1 , ..., n.

Fir s t , we p r o ve t h e u p p e r in e qu a lit y in ( 2 .1 ) b y u s in g A b e l’s m e t h o d o f s u m m a t io n

( s e e p p . 1 9 4 o f A p o s t o l, 1 9 7 4 ) . Ob s e r ve t h a t fo r u ∈ ( 0 , 1 ) ,

F−1 ( u ) =
m
∑

i=1

xiI(qi−1,qi] ( u) , G
−1 ( u) =

n
∑

j=1

yjI(rj−1,rj ] ( u) ,

wh e r e q0 = r0 = 0 . S in c e
∑i

k=1 I(qk−1,qk ] ( u ) = I(0,qi] ( u) , a p p lyin g A b e l’s m e t h o d t o

t h e e xp r e s s io n o f F−1 ( u) le a d s t o

F−1 ( u ) = xm −
m−1
∑

i=1

( xi+1 − xi ) I(0,qi] ( u ) , u ∈ ( 0 , 1 ) .
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S im ila r ly, we h a ve

G−1 ( u) = yn −
n−1
∑

j=1

( yj+1 − yj ) I(0,rj ] ( u) , u ∈ ( 0 , 1 ) . ( 2 .2 )

Th u s ,

E ( F−1 ( U ) G−1 ( U ) ) = xmyn − xm

n−1
∑

j=1

( yj+1 − yj ) rj − yn

m−1
∑

i=1

( xi+1 − xi ) qi

+
m−1
∑

i=1

n−1
∑

j=1

( xi+1 − xi ) ( yj+1 − yj ) m in {qi, rj}.

A ls o , a p p lyin g A b e l’s m e t h o d t o t h e e xp r e s s io n s fo r X a n d Y le a d s t o

X = xm −
m−1
∑

i=1

( xi+1 − xi )
i

∑

k=1

IAk
, Y = yn −

n−1
∑

j=1

( yj+1 − yj )

j
∑

l=1

IBl
,

fr o m wh ic h we g e t

E ( XY ) = xmyn − xm

n−1
∑

j=1

( yj+1 − yj ) rj − yn

m−1
∑

i=1

( xi+1 − xi ) qi

+
m−1
∑

i=1

n−1
∑

j=1

( xi+1 − xi ) ( yj+1 − yj )
i

∑

k=1

j
∑

l=1

pkl.

H e n c e , it fo llo ws t h a t

E ( F−1 ( U ) G−1 ( U ) ) − E ( XY )

=
m−1
∑

i=1

n−1
∑

j=1

( xi+1 − xi ) ( yj+1 − yj )

[

m in {qi, rj} −
i

∑

k=1

j
∑

l=1

pkl

]

≥ 0 ,

s in c e qi ≥
∑i

k=1

∑j
l=1 pkl a n d rj ≥

∑i
k=1

∑j
l=1 pkl.

On t h e o t h e r h a n d , fr o m ( 2 .2 ) we h a ve

G−1 ( 1 − u) = yn −
n−1
∑

j=1

( yj+1 − yj ) I[1−rj ,1) ( u ) , u ∈ ( 0 , 1 ) ,
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a n d t h u s

E ( F−1 ( U ) G−1 ( 1 − U ) ) = xmyn − xm

n−1
∑

j=1

( yj+1 − yj ) rj − yn

m−1
∑

i=1

( xi+1 − xi ) qi

+
m−1
∑

i=1

n−1
∑

j=1

( xi+1 − xi ) ( yj+1 − yj ) m a x{qi + rj − 1 , 0 }.

Th e r e fo r e ,

E ( F−1 ( U ) G−1 ( 1 − U ) ) − E ( XY )

=
m−1
∑

i=1

n−1
∑

j=1

( xi+1 − xi ) ( yj+1 − yj )

[

m a x{qi + rj − 1 , 0 } −
i

∑

k=1

j
∑

l=1

pkl

]

≤ 0 ,

s in c e qi + rj −
∑i

k=1

∑j
l=1 pkl ≤ 1 . Th is c o m p le t e s t h e p r o o f. ¤

T heor em 2.2 L et X and Y be random variables with distribution functions F and

G, respectively. Assume that E ( X2 ) < ∞ and E ( Y 2 ) < ∞. Then, we have

−[E ( X2 ) E ( Y 2 ) ]1/2 ≤ E ( F−1 ( U ) G−1 ( 1 − U ) ) ≤ E ( XY )

≤ E ( F−1 ( U ) G−1 ( U ) ) ≤ [E ( X2 ) E ( Y 2 ) ]1/2,

where U is a Uniform(0,1) random variable.

P r oof. Th e lo we r a n d u p p e r in e qu a lit ie s a r e n o t h in g b u t t h e Ca u c h y-S c h wa r z in -

e qu a lit ie s s in c e F−1 ( U )
d
= X a n d G−1 ( U )

d
= G−1 ( 1 − U )

d
= Y . B y

w→ a n d
Lp

→ ( p > 0 )

we d e n o t e we a k c o n ve r g e n c e a n d c o n ve r g e n c e in Lp, r e s p e c t ive ly. S in c e s im p le r a n -

d o m va r ia b le s a r e d e n s e in L2 ( Ω,F , P ) , t h e r e e xis t s im p le r a n d o m va r ia b le s Xn a n d

Yn s u c h t h a t Xn
L2

→ X a n d Yn
L2

→ Y a s n → ∞. Fo r e a c h n, le t Fn a n d Gn b e t h e

d is t r ib u t io n fu n c t io n s o f Xn a n d Yn, r e s p e c t ive ly. Th e n , b y L e m m a 2 .1 , fo r e a c h n,

we h a ve

E ( F−1
n ( U ) G−1

n ( 1 − U ) ) ≤ E ( XnYn ) ≤ E ( F−1
n ( U ) G−1

n ( U ) ) . ( 2 .3 )

S in c e Fn
w→ F , F−1

n ( u) → F−1 ( u) e xc e p t fo r a t m o s t c o u n t a b ly m a n y u a n d t h u s

F−1
n ( U )

a.s.→ F−1 ( U ) . A ls o , n o t e t h a t

lim
n→∞

E ( F−1
n ( U ) ) 2 = lim

n→∞

E ( X2
n ) = E ( X2 ) = E ( F−1 ( U ) ) 2 < ∞.
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Th e s e im p ly t h a t { ( F−1
n ( U ) ) 2}∞n=1 is u n ifo r m ly in t e g r a b le a n d t h u s t h a t F−1

n ( U )
L2

→
F−1 ( U ) . S im ila r a r g u m e n t s yie ld t h a t G−1

n ( U )
L2

→ G−1 ( U ) a n d G−1
n ( 1 −U )

L2

→ G−1 ( 1 −
U ) . Th e r e fo r e , we h a ve F−1

n ( U ) G−1
n ( U )

L1

→ F−1 ( U ) G−1 ( U ) a n d F−1
n ( U ) G−1

n ( 1 −U )
L1

→
F−1 ( U ) G−1 ( 1 −U ) , wh ic h a g a in im p lie s t h a t E ( F−1

n ( U ) G−1
n ( U ) ) → E ( F−1 ( U ) G−1 ( U ) )

a n d E ( F−1
n ( U ) G−1

n ( 1 −U ) ) → E ( F−1 ( U ) G−1 ( 1 −U ) ) . L ike wis e , XnYn
L1

→ XY a n d s o

E ( XnYn ) → E ( XY ) . H e n c e , le t t in g n→ ∞ in ( 2 .3 ) , we h a ve t h e d e s ir e d r e s u lt . ¤

Th e n e w b o u n d s fo r E ( XY ) in Th e o r e m 2 .2 a r e s h a r p e r t h a n t h e Ca u c h y-S c h wa r z

b o u n d s . Fo r in s t a n c e , le t U1, U2 a n d U b e U n ifo r m ( 0 ,1 ) r a n d o m va r ia b le s a n d t a ke

X = Uα
1 a n d Y = Uβ

2 , wh e r e α, β > 0 . Th e n E ( F−1 ( U ) G−1 ( U ) ) = E ( Uα+β ) =

( α+ β + 1 ) −1, wh ic h is le s s t h a n [E ( X2 ) E ( Y 2 ) ]1/2 = [( 2 α+ 1 ) ( 2 β + 1 ) ]−1/2 wh e n e ve r

α �= β.

In Th e o r e m 2 .2 , it is o b vio u s t h a t E ( F−1 ( U ) G−1 ( U ) ) = E ( F−1 ( 1 −U ) G−1 ( 1 −U ) )

a n d E ( F−1 ( U ) G−1 ( 1 − U ) ) = E ( F−1 ( 1 − U ) G−1 ( U ) ) b y c h a n g e o f va r ia b le s . S in c e

X
d
= F−1 ( U ) a n d Y

d
= G−1 ( U )

d
= G−1 ( 1 −U ) , t h e c o r o lla r y b e lo w fo llo ws im m e d ia t e ly

fr o m Th e o r e m 2 .2 . In p a r t ic u la r , F−1 ( U ) a n d G−1 ( U ) a r e n o t n e g a t ive ly c o r r e la t e d

wh ile F−1 ( U ) a n d G−1 ( 1 −U ) a r e n o t p o s it ive ly c o r r e la t e d . Th is is e a s ily ve r ifi e d b y

c o n s id e r in g in d e p e n d e n t va r ia b le s , X a n d Y , in Th e o r e m 2 .2 .

Cor ollar y 2.3 Under the assumptions of Theorem 2.2, we have

(a) −[var( X ) var( Y ) ]1/2 ≤ cov ( F−1 ( U ) , G−1 ( 1 − U ) ) ≤ cov ( X, Y )

≤ cov ( F−1 ( U ) , G−1 ( U ) ) ≤ [var( X ) var( Y ) ]1/2,

(b) cov ( F−1 ( U ) , G−1 ( 1 − U ) ) ≤ 0 ≤ cov ( F−1 ( U ) , G−1 ( U ) ) .

Th e r e s u lt o f Th e o r e m 2 .2 c a n b e e a s ily e xt e n d e d t o t h e c a s e o f t h e H ¨o ld e r in -

e qu a lit y. Th e p r o o f is s im ila r t o t h a t o f Th e o r e m 2 .2 .

T heor em 2.4 L et X and Y be random variables with distribution functions F and

G, respectively. F or p > 1 and q > 1 with 1 /p + 1 /q = 1 , assume that E|X|p < ∞
and E|Y |q < ∞. Then,

−( E|X|p ) 1/p ( E|Y |q ) 1/q ≤ E ( F−1 ( U ) G−1 ( 1 − U ) ) ≤ E ( XY )

≤ E ( F−1 ( U ) G−1 ( U ) ) ≤ ( E|X|p ) 1/p ( E|Y |q ) 1/q,
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where U is a Uniform(0,1) random variable.

Th e o r e m 2 .4 in fo r m s u s t h a t E ( F−1 ( U ) G−1 ( U ) ) c a n b e s m a ll e n o u g h t o s a t is fy

E ( F−1 ( U ) G−1 ( U ) ) ≤ in f{ ( E|X|p ) 1/p ( E|Y |q ) 1/q : p > 1 , q > 1 , 1 /p+ 1 /q = 1 },

p r o vid e d t h a t X a n d Y h a ve fi n it e m o m e n t s o f a ll p o s it ive o r d e r s .

If X a n d Y a r e b o t h n o n n e g a t ive r a n d o m va r ia b le s , t h e n t h e m o m e n t c o n d it io n s

in Th e o r e m s 2 .2 a n d 2 .4 a r e n o t n e c e s s a r y.

T heor em 2.5 L et X and Y be nonnegative random variables with distribution func-

tions F and G, respectively. Then,

E ( F−1 ( U ) G−1 ( 1 − U ) ) ≤ E ( XY ) ≤ E ( F−1 ( U ) G−1 ( U ) ) ,

where U is a Uniform(0,1) random variable.

P r oof. L e t Xn a n d Yn b e n o n n e g a t ive s im p le r a n d o m va r ia b le s s u c h t h a t Xn ( ω ) ↑
X ( ω ) a n d Yn ( ω ) ↑ Y ( ω ) a s n → ∞ fo r a ll ω ∈ Ω. Fo r e a c h n, le t Fn a n d Gn b e t h e

d is t r ib u t io n fu n c t io n s o f Xn a n d Yn, r e s p e c t ive ly. Th e n , b y L e m m a 2 .1 , fo r e a c h n,

we h a ve

E ( F−1
n ( U ) G−1

n ( 1 − U ) ) ≤ E ( XnYn ) ≤ E ( F−1
n ( U ) G−1

n ( U ) ) .

S in c e Fn ( x) ↓ F ( x ) fo r a ll x ∈ R, F−1
n ( u ) ↑ F−1 ( u ) fo r a ll u ∈ ( 0 , 1 ) a n d t h u s

0 ≤ F−1
n ( U ( ω ) ) ↑ F−1 ( U ( ω ) ) fo r a ll ω ∈ Ω. S im ila r ly, we h a ve 0 ≤ G−1

n ( U ( ω ) ) ↑
G−1 ( U ( ω ) ) a n d 0 ≤ G−1

n ( 1 − U ( ω ) ) ↑ G−1 ( 1 − U ( ω ) ) fo r a ll ω ∈ Ω. Th u s , 0 ≤
F−1
n ( U ( ω ) ) G−1

n ( U ( ω ) ) ↑ F−1 ( U ( ω ) ) G−1 ( U ( ω ) ) a n d 0 ≤ F−1
n ( U ( ω ) ) G−1

n ( 1 − U ( ω ) ) ↑
F−1 ( U ( ω ) ) G−1 ( 1 − U ( ω ) ) fo r a ll ω ∈ Ω. B y t h e m o n o t o n e c o n ve r g e n c e t h e o r e m ,

we t h e r e fo r e h a ve E ( F−1
n ( U ) G−1

n ( U ) ) → E ( F−1 ( U ) G−1 ( U ) ) a n d E ( F−1
n ( U ) G−1

n ( 1 −
U ) ) → E ( F−1 ( U ) G−1 ( 1 −U ) ) . Mo r e o ve r , 0 ≤ Xn ( ω ) Yn ( ω ) ↑ X ( ω ) Y ( ω ) fo r a ll ω ∈ Ω

a n d s o E ( XnYn ) → E ( XY ) . H e n c e , t h e a s s e r t io n fo llo ws . ¤

Co r o lla r y 2 .3 c a n b e u s e d t o p r o ve m o n o t o n ic it y o f c o va r ia n c e b e t we e n in fi n it e ly

d ivis ib le r a n d o m va r ia b le s . S p e c ifi c a lly, le t φ ( t) b e t h e c h a r a c t e r is t ic fu n c t io n o f a n

7



in fi n it e ly d ivis ib le d is t r ib u t io n wit h fi n it e va r ia n c e . Th e n t h e r e e xis t a r e a l n u m b e r γ

a n d a r e a l-va lu e d , n o n d e c r e a s in g , r ig h t -c o n t in u o u s a n d b o u n d e d fu n c t io n H d e fi n e d

o n R wit h H ( −∞ ) = lim x→−∞H ( x ) = 0 s u c h t h a t

φ ( t) = e xp

[

iγt+

∫
∞

−∞

( eitx − 1 − itx)
1

x2
dH ( x)

]

,

wh ic h is c a lle d t h e K o lm o g o r o v r e p r e s e n t a t io n o f φ ( t) , a n d vic e ve r s a ( c f. Th e o r e m

4 in S e c t io n 1 2 .1 o f Ch o w a n d Te ic h e r , 1 9 8 8 ) . S in c e , fo r e a c h α > 0 , φα ( t) is a ls o

a n in fi n it e ly d ivis ib le c h a r a c t e r is t ic fu n c t io n wit h γ∗ = αγ a n d H∗ = αH, t h e c la s s

o f d is t r ib u t io n s wit h c h a r a c t e r is t ic fu n c t io n s φα ( t) , α > 0 fo r m s a fa m ily o f o n e -

p a r a m e t e r in fi n it e ly d ivis ib le d is t r ib u t io n s wit h fi n it e va r ia n c e s . Typ ic a l e xa m p le s

o f t h is fa m ily a r e N ( 0 , α ) , P o is s o n ( α ) , Ga m m a ( α, 1 ) , e t c . In t h e fo llo win g t h e o r e m

we e s t a b lis h a m o n o t o n e p r o p e r t y fo r t h e c o va r ia n c e b e t we e n r a n d o m va r ia b le s wit h

t h e s e o n e -p a r a m e t e r in fi n it e ly d ivis ib le d is t r ib u t io n fa m ilie s .

T heor em 2.6 L et φ1 ( t) and φ2 ( t) be any two infinitely divisible characteristic func-

tions with finite variances. F or each α > 0 , let Fα and Gα denote the infinitely

divisible distribution functions with characteristic functions φα
1 ( t) and φα

2 ( t) , respec-

tively. Then, for any α, β, γ, δ > 0 , we have

cov ( F−1
α ( U ) , G−1

β ( U ) ) ≤ cov ( F−1
α+γ ( U ) , G−1

β+δ ( U ) ) ,

where U is a Uniform(0,1) random variable.

P r oof. L e t U1, U2 a n d U b e in d e p e n d e n t U n ifo r m ( 0 ,1 ) r a n d o m va r ia b le s . Th e n ,

fr o m t h e in fi n it e ly d ivis ib le p r o p e r t y, it fo llo ws t h a t F−1
α ( U1 ) + F−1

γ ( U2 )
d
= F−1

α+γ ( U )

a n d G−1
β ( U1 ) +G−1

δ ( U2 )
d
= G−1

β+δ ( U ) . Th u s , b y Co r o lla r y 2 .3 , we h a ve

c o v( F−1
α ( U1 ) , G

−1
β ( U1 ) ) + c o v( F−1

γ ( U2 ) , G
−1
δ ( U2 ) )

= c o v( F−1
α ( U1 ) + F−1

γ ( U2 ) , G
−1
β ( U1 ) +G−1

δ ( U2 ) )

≤ c o v( F−1
α+γ ( U ) , G−1

β+δ ( U ) ) .

S in c e c o v( F−1
γ ( U2 ) , G

−1
δ ( U2 ) ) ≥ 0 , t h e t h e o r e m h o ld s . ¤
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3 Discussion

Th e r e s u lt s in S e c t io n 2 p la y ve r y u s e fu l r o le s in c o n s t r u c t in g r a n d o m ve c t o r s o f

c o r r e la t e d c o m p o n e n t va r ia b le s . Th e b o u n d s in Co r o lla r y 2 .3 c a n b e u s e d t o c h e c k

t h e e xis t e n c e o f r a n d o m va r ia b le s s a t is fyin g a g ive n c o r r e la t io n m a t r ix if t h e ir m a r g in a l

d is t r ib u t io n s a r e s p e c ifi e d . Fo r a s im p le in s t a n c e , s u p p o s e t h a t X ∼ U n ifo r m ( 0 , 1 )

a n d Y ∼ E xp ( 1 ) . Th e n e w u p p e r b o u n d fo r t h e c o va r ia n c e b e t we e n X a n d Y is 1 / 4

wh ile t h e c o r r e s p o n d in g Ca u c h y-S c h wa r z b o u n d is 1 / ( 2
√
3 ) . Th u s , t h e c o r r e la t io n

c o e ffi c ie n t s h o u ld n o t b e s p e c ifi e d a s g r e a t e r t h a n
√
3 / 2 wh e n c o n d u c t in g a s im u la t io n

s t u d y.

If t h e u n d e r lyin g m a r g in a l d is t r ib u t io n s a r e s p e c ifi e d t o b e in fi n it e ly d ivis ib le ,

t h e m o n o t o n e p r o p e r t y in Th e o r e m 2 .6 is c r u c ia l in c o n s t r u c t in g t h e ir c o r r e s p o n d in g

va r ia b le s u n d e r s p e c ifi e d c o r r e la t io n . W h ile m o r e g e n e r a l c a s e s a r e d is c u s s e d in P a r k

( 2 0 0 2 ) , we h e r e c o n s id e r a n e xa m p le o f c o n s t r u c t in g a b iva r ia t e r a n d o m ve c t o r ( X, Y )

s u c h t h a t X ∼ Fα, Y ∼ Gβ a n d c o r r ( X, Y ) = ρ, wh e r e Fα a n d Gβ a r e d e fi n e d a s

in Th e o r e m 2 .6 . L e t U b e a U n ifo r m ( 0 ,1 ) r a n d o m va r ia b le a n d le t uα a n d vβ d e n o t e

t h e va r ia n c e s o f Fα a n d Gβ, r e s p e c t ive ly. Th e n c o v( X, Y ) = ρ
√
uαvβ a n d s o ρ s h o u ld

b e s p e c ifi e d t o s a t is fy c o v( F−1
α ( U ) , G−1

β ( U ) ) ≥ ρ
√
uαvβ. If c o v( F−1

α ( U ) , G−1
β ( U ) ) =

ρ
√
uαvβ, t h e n ju s t t a ke X = F−1

α ( U ) a n d Y = G−1
β ( U ) . Ot h e r wis e , t h e r e m u s t e xis t

a γ ∈ ( 0 , β ) s u c h t h a t

c o v( F−1
α ( U ) , G−1

γ ( U ) ) = ρ
√
uαvβ, ( 3 .1 )

a n d s o b y t a kin g X = F−1
α ( U1 ) a n d Y = G−1

γ ( U1 ) +G−1
β−γ ( U2 ) wit h U1 a n d U2 b e in g

in d e p e n d e n t U n ifo r m ( 0 ,1 ) r a n d o m va r ia b le s we c a n c o n s t r u c t t h e d e s ir e d r a n d o m

ve c t o r . A s e a r c h in g a lg o r it h m fo r t h e va lu e o f γ in ( 3 .1 ) c a n b e e a s ily d e ve lo p e d fr o m

t h e m o n o t o n e p r o p e r t y in Th e o r e m 2 .6 .
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